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LOCALLY STRICTLY SIMPLE QUANDLES
MARCO BONATTO
Abstract. We classify all non-simple connected quandles of size pq and 4p where p, q are primes, as a special
family of locally strictly simple quandles (i.e. quandles for which all proper subquandles are strictly simple).
In particular we classify all latin quandles of size pq and 4p and we show that latin quandles of size 8p are
affine.
Introduction
Quandles are binary algebras related to knot invariants [Joy82, Mat82] and they provide a special class of
solutions to the set-theoretical quantum Yang-Baxter equation [ESG01, ESS99].
Quandles have been studied using both group and module theory and in a recent paper [BS19] we developed a
universal algebraic approach, in particular towards the connection between the properties of the displacement
group and its subgroups and properties of congruences as abelianness and centrality in the sense of commutator
theory [FM87].
In [Bon19] the class of finite strictly simple quandles, i.e. quandles with no proper subquandles has been
investigated and it has been proved that it coincides with the class of simple abelian quandles (in the sense
of [FM87, BS19]). They can be described using affine representations over finite fields and their lattice of
subquandles containing a given element is the two elements lattice, i.e. it has height 1. In this paper we are
studying finite quandles such that every proper subquandle is strictly simple and we call them locally strictly
simple (LSS) quandles. Equivalently LSS quandles are quandles for which the height of the lattice of subquandles
containing a given element is at most 2. Strictly simple quandles are examples of LSS quandles, but there exist
non-trivial examples as non-simple quandles of size 28 of the RIG database of GAP [RIG].
Connected quandles of size p [ESG01], p2 [Gra04], and the affine ones of size p3 and p4 [Hou12] where p is a
prime have been classified. All such quandles are affine and the first class of non-affine quandles which has been
classified is the class of connected quandles of size p3 [BB19]. Using the results on LSS quandles, we can provide
the classification of two more families of non-affine quandles, namely the classification of non-simple connected
quandles of size pq and 4p where p, q are primes.
In Section 1 we collect some basic facts about quandles and we show some preliminary results.
In Section 2 we characterize the congruence lattice of non-simple connected LSS quandles and we show that
this class of quandles coincide with the class of extensions of a strictly simple quandle by a strictly simple quandle
(i.e. quandles having a congruence with strictly simple factor and strictly simple blocks).
First we show that connected subdirectly reducible LSS quandles are direct products of strictly simple quandles
and then we focus on the subdirectly irreducible case.
Finite connected abelian quandles are polynomially equivalent to modules over the ring of Laurent polynomial
[Bon19][Section 2.4], so we provide a module-theoretical description of abelian connected LSS quandles.
In Section 3 we investigate non-abelian LSS quandles employing a case-by-case discussion using the equivalence
relation σQ (already defined in [BS19] in connection with central congruences, see definition (2)), defining the
classes of quandles LSS(pm, qn, σQ), for p, q primes, as the classes of quandles which are extensions of a strictly
simple quandle of size qn by a strictly simple quandle of size pm and with given σQ. We completely characterize
the displacement groups of such quandles and we compute some constructions involving special and extraspecial
p-groups. Then we focus on the case n = 1 and m = 1, with the goal to describe quandles of size pq and 4p and
as a byproduct we obtain that latin quandles of size 8p where p is a prime are affine.
The first step in the classification of non-simple connected quandles of size pq and 4p where p and q are primes,
is to show that they are all LSS quandles, except for a few small primes (see Section 4 and Section 5 respectively).
In particular we show that there exists only two non-affine non-simple connected quandles of size pq for q dividing
p2−1 (Theorem 4.5) and two non-simple non-affine connected quandles of size 4p where p = 1 (mod 3) (Theorem
5.8) (and according to Proposition 5.10 the latter can not be obtained by abelian extensions). In particular such
quandles are all the non-affine latin quandles of size pq and 4p respectively.
All such quandles are latin and using the one-to-one correspondence between Bruck Loops of odd order and
involutory latin quandles we can show that there is only one Bruck Loop of order pq, as already proved in
[Voj18].
The classification strategy is similar to the one adopted in [BB19]. We first characterize the congruence lattice of
the LSS quandles and then we identify the displacement group. Then we compute the isomorphism classes which
are in one-to-one correspondence with conjugacy classes of automorphisms of such groups (see Theorem 1.3). All
the group theoretical results and the technical computations useful to this end are collected in the appendix 7.
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Finally in Section 6 we give a description of finite non-connected LSS quandles.
Notation and terminology. An algebra is a set A endowed with a set of operations. We denote by Sg(X) the
subalgebra generated by X ⊆ A and its automorphism group by Aut(A). A congruence of A is an equivalence
relation which respects the algebraic structure. Congruences of an algebra form a lattice denoted by Con(A)
with minimum the identity relation 0Q = {(a,a) ∣ a ∈ Q} and maximum 1Q = A × A. By virtue of the second
homomorphism thereom homomorphic images and congruences are essentially the same. The factor algebra with
respect to α ∈ Con(A) is denoted by A/α. We refer the reader to [Ber12] for further details.
Am algebra is nilpotent (resp. solvable) if there exists a chain of congruences
α0 = 0A ≤ α1 ≤ . . . ≤ αn = 1Q
such that αi+1/αi is central (resp. abelian) in A/αi for every 0 ≤ i ≤ n − 1 (see [BS19, FM87] for the formal
definitions).
The group operations are denoted by juxtaposition or by + in the abelian case. The inner automorphism of
an element g of a group G is denoted by ĝ and NG(S) (resp. CG(S)) is the normalizer (resp. centralizer) of a
subset S ⊆ G. The core of a subgroup H (i.e. the biggest normal subgroup of G contained in H) is denoted by
CoreG(H). If G acts on a set Q we denote the set-wise point-stabilizer of a subset S by GS = {g ∈ G ∣ g(S) = S}
and the point-wise stabilizer of a in G by Ga. The orbit of a under the action of G will be denoted by a
G. A
group is called semiregular if Ga = 1 for every a ∈ G and regular if it semiregular and transitive. Note that the
pointwise-stabilizer of a transitive group is normal if and only if it is trivial (the stabilizers of a transitive group
are all conjugate).
If f is an automorphism of a group G we denote Fix(f) the set of its fixed points {a ∈ G ∣ f(a) = a}. If H is an
f -invariant subgroup of G we denote by fH the induced mapping on G/H defined as fH(gH) = f(g)H .
Acknowledgments. The author wants to thank Daniele Toller and Giuliano Bianco for the useful comments
and remarks on the drafts of the present work.
1. Preliminary results
Quandles are idempotent left-distributive left quasigroups, namely a quandle Q is a a binary algebra (Q,∗, /)
satisfying
a ∗ (a/b) = a/(a ∗ b) = b,
a ∗ (b ∗ c) = (a ∗ b) ∗ (a ∗ c),
a ∗ a = a.
for every a, b ∈ Q. Note that the left multiplication mapping La ∶ b ↦ a ∗ b is in the stabilizer of a of the
automorphism group of Q for every a ∈ Q.
Example 1.1. (i) Any set Q with the operation a ∗ b = b for every a, b ∈ Q is a projection quandle. If ∣Q∣ = n we
denote such quandle by Pn.
(ii) Let G be a group and H ⊆ G be a subset closed under conjugation. Then Conj(H) = (H,∗), where
g ∗ h = g−1hg for every h, g ∈ H , is a quandle.
(iii) Let G be a group, f ∈ Aut(G) and H ≤ Fix(f). Let G/H be the set of left cosets of H and the
multiplication defined by
aH ∗ bH = af(a−1b)H.
Then (G/H,∗, /) is a quandle denoted by Q(G,H,f). Such a quandle is called principal (over G) if H = 1 and
it will be denoted just by Q(G,f), and it is affine (over G) if G is abelian, in this case we use the notation
Aff(G,f).
A quandle is called homogeneous if Aut(Q) acts transitively on Q. A quandle Q is homogeneous quandles if
and only if admits a representation as in Example 1.1(iii), i.e. Q = Q(G,H,f) [Joy82].
The left multiplication group is the group generated by the left multiplications mappings and it is denoted by
LMlt(Q) and the displacement group is the group generated by {LaL−1b ∣ a, b ∈ Q} and denoted by Dis(Q). A
quandle Q is called connected if LMlt(Q) (or equivalently Dis(Q)) acts transitively on Q.
If Q = Q(G,H,f), the action of Dis(Q) is given by the canonical left action of the group [G,f] = ⟨{gf(g)−1 ∣
g ∈ G}⟩ on G/H and Dis(Q) ≅ [G,f]/CoreG(H) (see [BB19, Section 2]). According to [HSV16, Theorem
4.1], connected quandles can be represented over their displacement group as Q(Dis(Q),Dis(Q)a, L̂a). For
connected quandles the representation over the displacement group provides useful information. In particular,
since [Dis(Q), L̂a] = Dis(Q), the order of the left multiplications of Q coincides with the order of L̂a.
Lemma 1.2. Let G be a finite group, f ∈ Aut(G) and H ≤ Fix(f). If G = [G,f] then f and fH have the same
order.
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Proof. Clearly if fn(g) = g for every g ∈ G then also fn(g)H = H for every g ∈ G, so the order of fH divides
the order of f . On the other hand if fn(g)H = gH for every g ∈ G then g−1fn(g) ∈ H ≤ Fix(f) and so
f(g−1fn(g)) = f(g−1)fn+1(g)) = g−1fn(g) for every g ∈ G. Therefore fn(gf(g)−1) = gf(g)−1 for every g ∈ G.
Then the order of f divides the order of fH since G is generated by {gf(g)−1 ∣ g ∈ G}. 
The representation of connected quandles over groups is also useful for isomorphism checking. Indeed we have
the following:
Theorem 1.3. [BB19, Theorem 5.11, Corollary 5.12] Let Qi = Q(Gi,Hi, fi) be a connected quandles for i = 1,2.
If Hi = Fix(fi) or Hi = 1 for i = 1,2 then Q1 ≅ Q2 if and only there exists a group isomorphism ψ ∶ G1 Ð→ G2
and f2 = ψf1ψ
−1.
For every congruence α of a quandle Q the mapping
(1) piα ∶ Dis(Q)Ð→ Dis(Q/α), Lx1L−1x2 ↦ L[x1]L−1[x2]
is a well-defined surjective group morphism and its kernel is
Disα = {h ∈ Dis(Q) ∣ [h(a)] = [a], for every a ∈ Q} = ⋂
[a]∈Q/α
Dis(Q)[a],
where Dis(Q)[a]α = {h ∈ Dis(Q) ∣ h([a]) = [a]} is the set-wise stabilizer in Dis(Q). Note that Dis(Q)[a]α =
pi−1α (Dis(Q/α)[a]α).
The representation of connected quandles over the displacement group can be used to get the representation
of factors.
Lemma 1.4. [BB19, Lemma 1.4] Let Q = Q(G,Ga, f) be a connected quandle where a ∈ Q, G = Dis(Q) and
f = L̂a. Then Q/α ≅ Q(G/Disα,Dis(Q)[a]α/Disα, fDisα) for every α ∈ Con(Q).
Let N ∈ Norm(Q) = {N ⊴ LMlt(Q) ∣ N ≤ Dis(Q)}. The orbit decomposition with respect to the action
of N denoted by ON and the relation conN = {(a, b) ∈ Q2 ∣ LaL−1b } are congruences of Q [BS19, Lemma 2.6,
Lemma 3.4]. If α ∈ Con(Q) the displacement group relative to the congruence α is defined analogically to the
displacement group as Disα = ⟨{LaL−1b ∣ aαb}⟩ (note that relative displacement groups belongs to Norm(Q) and
that [Dis(Q),Disα] ≤ Disα ≤ Disα). In particular if α is a minimal congruence (with respect to inclusion) then
its relative displacement group is minimal in Norm(Q).
Lemma 1.5. Let Q be a quandle and α be a minimal congruence. Then Disα is a minimal element of Norm(Q).
In particular if Disα is solvable, then it is abelian.
Proof. Let N < Disα. Then ON ≤ α. If equality holds, b = n(a) for some n ∈ N whenever aαb and then
LaL
−1
b = LaL
−1
n(a) = Lan
−1
L
−1
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∈N
n ∈ N
and therefore Disα ≤ N , contradiction. Hence ON = 0Q and N = 1. If Disα is solvable, then its derived subgroup
is a proper subgroup and it belongs to Norm(Q) and therefore it is trivial i.e. Disα is abelian. 
The properties of congruences as abeliannes and centrality in the sense of [FM87] are completely determined
by the properties of the relative displacement groups (see [BS19, Theorem 1.1]). The smallest congruences of Q
with abelian factor is denoted by γQ and the center of Q, i.e. biggest central congruence is denoted by ζQ (these
congruences are the analogous of the derived subgroup and the center of a group in the commutator theory for
quandles [FM87, BS19]).
The equivalence relation σQ is defined as
(2) aσQ b if and only if Dis(Q)a = Dis(Q)b.
This relation contains every central congruence of Q [BS19, Proposition 5.9] and its classes are subquandles which
are blocks with respect to the action of LMlt(Q) [Bon19, Proposition 1.5]. Moreover a connected quandle Q is
principal if and only if σQ = 1Q.
The structure of groups in Norm(Q) can be investigated using the following Lemma.
Lemma 1.6. Let Q be a connected quandle, α ∈ Con(Q) such that Q/α = Sg([a1], . . . , [an]) and let N ∈ Norm(Q)
such that N ≤ Disα. Then:
(i) the mapping
ψ ∶ Dis
α
Ð→
n∏
i=1
Aut([ai]), h↦ (h∣[a1], . . . , h∣[an]),
is an embedding of groups and N ∣[ai]α ≅ N ∣[aj]α for every 1 ≤ i, j ≤ n.
(ii) If α = ON ≤ σQ and [a]α is a principal connected quandle then N embeds into Dis([a])n.
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Proof. (i) The union of the blocks of a1, . . . , an generates the quandle Q. If ψ(h) = 1 then h fixes a set of
generators of Q and therefore h = 1. Then ψ is an embedding. Let ai, aj ∈ Q, h ∈ Dis(Q) such that h([ai]) = [aj]
and ψi ∶ N Ð→ N ∣[ai]. Then ker(ψj) = h−1ker(ψi)h and so the mapping
N ∣[a]i Ð→ N ∣[aj], g∣[ai] ↦ h−1gh∣[a]j
is a well defined group isomorphism.
(ii) The group N is transitive on each block of α and whenever h(a) = a then h∣[a] = 1 since α ≤ σQ.
Then N ∣[a] is a regular automorphism group of [a]. The blocks are principal connected quandles, so every
regular automorphism group is isomorphic to the displacement group of the block, then H ∣[a] ≅ Dis([a]) [Bon19,
Proposition 2.1]. 
The set L(Q) = Conj({La ∣ a ∈ Q}) is a conjugation quandle and LQ ∶ Q → L(Q) mapping a to La is a
surjective quandle morphism. We denote by λQ the kernel of such homomorphism. A quandle is called faithful
if LQ is injective, i.e. λQ = 0Q and latin if all right multiplications Ra ∶ b↦ b∗a are bijective and in such case we
use the notation R−1a (b) = b/a. Latin quandle are faithful and connected. The pointwise stabilizer of an element
a ∈ Q in a faithful quandle is Dis(Q)a = Fix(L̂a).
We refer the reader to [AG03, HSV16, Joy82] for further basic results on quandles.
2. Locally strictly simple quandles
Congruence lattice. Strictly simple quandles are quandles with no proper subquandles (proper subquandles
have more than one element). The class of finite strictly simple quandle is well understood as it coincides
with the class of all simple abelian quandles, that is the class cointaining all the simple affine quandles and P2
(see [Bon19, Section 3.1]). Every strictly simple connected quandle is latin and it has an affine representation
as M = Aff(Zmp , f) where f acts irreducibly. In particular, finite strictly simple quandles are in one-to-one
correspondence with irreducible polymonials over finite fields.
The lattice of subquandles containing a fixed element a a strictly simple quandles is the two element lattice
and so it has height 1. We investigate the class of finite connected quandles for which this lattice has height at
most 2.
Definition 2.1. A quandle A is said to be locally strictly simple (LSS) if all its proper subquandles are strictly
simple.
Recall that connected quandles are congruence uniform (the blocks of a congruence have all the same cardinal-
ity) and that a quandle is called subdirectly irreducible if the intersection of all non-trivial congruence is non-trivial
(and reducible otherwise). In particular if {αi ∣ i ∈ I} are trivially intersecting congruence of a quandle Q, then
Q embeds into ∏i∈I Q/αi [Ber12].
Lemma 2.2. Let Q be a connected LSS quandle. Then:
(i) α ∧ β = 0Q for every α,β ∈ Con(Q).
(ii) Q/α is strictly simple for every α ∈ Con(Q).
Moreover, Con(Q) is one of those in figure 1.
1Q
0Q
(a)
1Q
α
0Q
(b)
1Q
. . .. . .α. . . β . . .
0Q
(c)
Figure 1. (A) Simple - (B) Subdirectly Irreducible - (C) Subdirectly reducible.
Proof. (i) The blocks [a]α and [a]β are strictly simple quandles. So either their intersection is trivial or they
coincide. If α ≠ β, then [a]α⋂[a]β = {a} for some a ∈ Q. Since the blocks have all the same size then α∧ β = 0Q.
(ii) Let α ∈ Con(Q). Then if [a]α ≠ [b]α then [a]α is a proper subquandle of Sg([a]α, [b]α) and so Q =
Sg([a]α, [b]α). Hence Q/α = Sg([a]α, [b]α) for every [a]α ≠ [b]α and then Q/α is strictly simple.
The last statement follows by (i) and (ii). 
A characterization of (non-simple) LSS quandles is offered by the following Proposition.
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Remark 2.3. Let Q be a connected LSS quandle and α ∈ Con(Q). Since every block and the factor Q/α are
generated by any pair of their elements then Q is generated by any triple {a, b, c ∈ Q ∣ [a]α = [b]α ≠ [c]α} (see
also [BB19, Lemma 6.1]).
Proposition 2.4. Let Q be a non-simple connected quandle. The following are equivalent:
(i) Q is LSS.
(ii) Q/α and [a]α are strictly simple quandles for every α ∈ Con(Q) and every a ∈ Q.
(iii) There exists α ∈ Con(Q), such that Q/α and [a]α are strictly simple quandles for every a ∈ Q.
Proof. (i) ⇒ (ii) It follows by Lemma 2.2 (iii) and since [a]α is a proper subquandle of Q.
(ii) ⇒ (iii) Clear.
(iii) ⇒ (i) Let S be a subquandle of Q. Then either the image of S under the canonical map a ↦ [a]α is the
whole Q/α or it is just a one element set.
In the first case, for every [a]α in Q/α there exists sa ∈ S ∩ [a]α. If S ∩ [a]α = {sa} for every a ∈ Q, then S ≅ Q/α
and so S is strictly simple. If sa ≠ b ∈ S ∩ [a]α1 for some a ∈ Q, then Sg(a, b, sc) = Q ≤ S.
In the second case, S ⊆ [a]α for some a ∈ Q, then either ∣S∣ = 1 or S = [a]α, and so S is strictly simple. 
The isomorphism classes of subquandles of Q are completely determined by its factors and by the block of its
congruences. Indeed, by the same argument used in Proposition 2.4 to prove the implication (iii) ⇒ (i) we have:
Corollary 2.5. Let Q be a connected LSS non simple quandle. Every subquandle of Q is isomorphic either to[a]α or to Q/α for some α ∈ Con(Q).
Connected abelian LSS quandles. In this section we describe finite, abelian connected LSS quandles. Finite
connected abelian quandles are latin and they are polynomially equivalent to modules over Z[t, t−1] [Bon19,
Section 2.4]. In particular finite connected affine quandles are latin and we can consider them as modules over
Z[t]. Indeed they admit an affine representation as Aff(A,f) where A is an abelian group and f ∈ Aut(A). In
particular congruences are in one-to-one correspondence with subquandles containing 0 and with submodules
[Bon19, Proposition 2.18, Remark 2.19] i.e. with f -invariant subgroups. Moreover two connected finite affine
quandles are isomorphic if and only if they are isomorphic as modules.
The first class of abelian LSS quandles is given by subdirectly reducible LSS quandles (i.e. quandle which
congruence lattice is as in figure 1(C) which are just direct product of a pair of strictly simple quandles.
Theorem 2.6. Let Q be a finite connected subdirectly reducible LSS quandle. Then Q ≅M ×N where M and N
are connected strictly simple quandles.
Proof. Lemma 2.2 shows that any subdirectly reducible LSS connected quandle Q has an embedding into the
product of any pair of its factors, i.e.,
Q↪ Q/α ×Q/β,
for every α,β ∈ Con(Q). So, Q embeds into a product of two strictly simple quandles. In particular [a]α maps
onto Q/β and then ∣Q∣ = ∣[a]α∣∣Q/α∣ ≥ ∣Q/β∣∣Q/α∣. Therefore Q/ ≅ Q/α ×Q/β.

Remark 2.7. Let Q =M ×N where M,N are strictly simple quandles.
(i) if M ≅ N then Q is isomorphic to Aff(F2∣M ∣, λI) and its automorphism group is doubly transitive and any
pair of elements generate a subquandle isomorphic to M [Bon19, Section 3.3]. In particular Con(Q) has∣M ∣ + 1 non trivial congruences (it is the lattice of subspaces of a 2-dimensional vector space):
1Q
. . .. . .α2α1 . . . α∣M ∣+1
0Q .
(ii) Otherwise, let M = Q/α and N = Q/β and let γ be a congruence different from α,β. Then M = [0]β
and N = [0]α are both isomorphic to to Q/γ since α ∧ γ = β ∧ γ = 0Q. Hence Q has just two proper
congruences:
1Q
αβ
0Q .
Let a, b ∈ Q such that [a]α ≠ [b]α and [a]β ≠ [b]β. Then Sg(a, b) maps onto both factors and then
Sg(a, b) =Q.
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Note that if Q = Aff(A,f) is a subdirectly irreducible LSS connected quandle, namely the congruence lattice
of Q is as in 1(B), then A has a unique proper f -invariant subgroup.
Lemma 2.8. Subdirectly irreducible abelian LSS connected quandle are affine over p-groups of exponent less or
equal to p2.
Proof. Let Q = Aff(A,f). The p-components of A provides trivially intersecting congruences as they are charac-
teristic subgroups and then submodules. Moreover, the map p ∶ A → A, a ↦ pa provides a chain of submodules
ker(p) ≤ ker(p2) as they are characteristic subgroups. Therefore A is a p-group with exponent less or equal than
p2. 
If the exponent of the group is p a complete characterization is given by module theory.
Proposition 2.9. Let Q = Aff(Znp , f) be a connected quandle. The following are equivalent:
(i) Q is a subdirectly irreducible LSS quandle.
(ii) Q ≅ Zp[t]/(g2) as Zp[t]-module where g is an irreducible polynomial over Zp.
Moreover Q is two-generated and n is even.
Proof. (i) ⇒ (ii) Every affine quandle over Znp is a module over Zp[t, t−1] and since Q is finite we can consider
it as a module over Zp[t]. The lattice of submodules of Q is the three elements if and only if Q is a primary
and cyclic module [BF67, Lemma 2]. According to [Fri11, Lemma 1], as module Q ≅ Zp[t]/(g2) where g is an
irreducible polynomial.
(ii) ⇒ (i) The multiplication by t + (g2) in Zp[t]/(g2) is invertible. Indeed if th ∈ (g2) then g2 divides h.
Let Q = Aff(Zp[t]/(g2), f) where f(x + (g2)) = tx + (g2). If (1 − f)(x + (g2)) = (1 − t)x + (g2) = (g2). Then g2
divides (1− t)x and then g2 divides x. Hence R(g2) = 1− f is invertible and then Q is latin. Moreover Q has just
one submodule according to [Fri11, Lemma 1]. Then Q is a subdirectly irreducible abelian LSS quandle since
subquandles are cosets of submodules [Bon19, Remark 2.19].
The last statement follows since Q is a cyclic module and therefore Q is generated as a quandle by 0 and a
for some a ∈ Q. The dimension of Dis(Q) is 2deg(p) [Fri11, Lemma 1]. 
Note that quandles described in Proposition 2.9 are in one-to-one correspondence with irreducible polynomials
as for connected strictly simple quandles.
Proposition 2.10. Let Q = Aff(A,f) be a connected abelian subdirectly irreducible LSS quandle. If exp(A) = p2,
then A ≅ Znp2 and Q/α ≅ [a].
Proof. Since A has a unique f -invariant subroup, Im(p) = ker(p) = pA. Therefore A ≅ Znp2 and Q/α ≅ A/pA ≅
pA = ker(p) ≅ [a] as modules. 
Example 2.11. Let h = xn + an−1x
n−1 + . . . + a1x + a0 be an irreducible polynomial over Zp. Let
{ei = (0, . . . ,1´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
i
,0, . . . ,0) ∣ 1 ≤ i ≤ n}
be a canonical set of generators for A = Znp2 and Q = Aff(A,F ) where
F =
⎡⎢⎢⎢⎢⎢⎢⎢⎢⎢⎣
0 0 . . . . . . −a0
1 0 . . . . . . −a1
0 1 . . . . . . −a2
0 0 . . . . . . . . .
0 0 . . . 1 −an−1
⎤⎥⎥⎥⎥⎥⎥⎥⎥⎥⎦
.
The induced matrix on the factor A/pA with respect to the basis {ei + pA ∣ 1 ≤ i ≤ n} and the restriction to
pA with respect to the basis {pei ∣ 1 ≤ i ≤ n} are equal to F which is the companion matrix of h. Therefore,
A/pA and pA are isomorphic as simple modules and Q is LSS and subdirectly irreducible by Proposition 2.4. In
particular for every strictly simple quandle this construction provides a quandle with the desired properties.
3. Connected non-abelian LSS quandles
Connected non-abelian LSS quandles are subdirectly irreducible, since all quandles described in Theorem 2.6
are abelian. In the following we are describing such quandles according to different properties, in particular
according to the equivalence relation σQ (see (2)). So, we will denote by LSS(pm, qn, σQ) the class of finite
non-abelian subdirectly irreducible connected quandles with given σQ and such that the unique congruence has
factor of size qn and blocks of size pm.
The unique proper congruence of a quandle Q ∈ LSS(pm, qn, σQ) is γQ, since the unique factor is abelian.
Corollary 3.1. Let Q ∈ LSS(pm, qn, σQ) and let G = Dis(Q). Then the unique non-trivial congruence of Q is
γQ, Q/γQ ≅ Aff(G/γ1(G), fγ1(G)) and Dis(Q)a ≤ DisγQ = γ1(G) for every a ∈ Q.
Proof. The quandle Q is not abelian and Q/α is abelian. Then γQ is the unique non trivial congruence. Then
we can apply [BB19, Proposition 2.6]. 
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The classes LSS(2, qn, σQ). Let assume that Q is a finite LSS connected quandle with projection subquandles.
Then Q is Q is not abelian, since it is not latin [Bon19, Corollary 2.6] and it is subdirectly irreducible since
all the quandles in Thereom 2.6 are latin. The factor Q/γQ has no projection subquandles, hence the blocks of
γQ are projection subquandles of size 2, since the only strictly simple projection quandle has size 2. Therefore
Q ∈ LSS(2, qn, σQ).
Theorem 3.2. Let Q ∈ LSS(2, qn, σQ). Then either ∣Q∣ = 6 or q = 2 and Q is a non-faithful principal quandle
over an extraspecial 2-group.
Proof. Let ∣Q/γQ∣ = qn. If Q is faithful then we can apply [Bon19, Theorem 4.8(i)] and so ∣Q∣ = 6. If Q is
not faithful then γQ = λQ and Q/λQ is affine, so Q is principal over some group G by [BB19, Proposition 5.3].
Therefore, ∣Q∣ = ∣G∣ = 2qn. If q ≥ 3 then G has a normal p-Sylow group of index 2. According to [Bon19, Theorem
2.10] it induces a congruence with non-connected factor of size 2, contradiction.
If q = 2 then γQ = ζQ, since any p-quandle have non-trivial center by [BS19, Corollary 6.6] and Q is non-abelian.
Moreover G = Dis(Q) has just one characteristic subgroup, namely Disγ1(Q) = γ1(G) = Z(G) = Φ(G) ≅ Z2. So G
is an extraspecial 2-group. 
Note that there are 2 non-isomorphic connected quandles of size 6 in the RIG library of GAP and they are
both faithful, subdirectly irreducible and LSS, in particular they are in LSS(2,3, γQ). Using the criterion of
connectedness for quandles represented by nilpotent groups given in [BB19, Corollary 2.8] we can identify the
automorphisms of extraspecial 2-groups giving rise to quandles Q(G,f) in LSS(2,22n ,1Q).
Proposition 3.3. Let G be an extraspecial 2-group of size 22n+1 and f ∈ Aut(G). The following are equivalent:
(i) Q = Q(G,f) ∈ LSS(2,22n ,1Q).
(ii) fγ1(G) acts irreducibly on G/γ1(G).
Isomorphism classes of such quandles are in one-to-one correspondece with conjugacy classes of such automor-
phisms.
Proof. (i) ⇒ (ii) It follows since the factor Q/γQ is strictly simple.
(ii)⇒ (i) The quandle Aff(G/Φ(G), fΦ(G)) is connected. According to [BB19, Proposition 2.7], Q is connected
and Dis(Q) ≅ G. Moreover Φ(G) = γ1(G) = Z(G) ≅ Z2 is contained in every N ∈ Norm(Q) since G is nilpotent,
so Q is subdirectly irreducible. The factor with respect to the congruence defined by Z(G) is simple, therefore
Q is LSS by Proposition 2.4.
Isomorphism classes of connected principal quandles over a group G correspond to conjugacy classes of auto-
morphisms (Theorem 1.3). 
Example 3.4. A GAP computer search for quandles as in Corollary 3.3 reveals that there exist just one isomor-
phism class of such quandles as of size 8,32,128 and two of size 512. All these examples are over the extraspecial
2-group constructed as the central product of one copy of the quaternion groups and several copies of the dihedral
group.
The classes LSS(pm, qn, σQ). From now on we assume that pm > 2 and so the quandles in LSS(pm, pn, σQ)
have no projection subquandles. In particular they are faithful (the quandles in Proposition 3.3 are the only
non-faithful connected LSS quandles).
For faithful quandles the relation between the congruence lattice and the lattice Norm(Q) has better prop-
erties. Indeed if Q is faithful, a congruence α is abelian (central) if and only if Disα is abelian (central) and
ζQ = conZ(Dis(Q)). So for quandles in LSS(pm, qn, σQ) the subgroup γ1(Dis(Q)) is the biggest element of
Norm(Q) (in particular it is a maximal characteristic subgroup) and DisγQ is the smallest. Moreover finite
connected faithful nilpotent quandles splits as direct product of quandles of prime power size [BS19, Theorem
1.4], hence the subdirectly irreducible ones have size a power of a prime.
Lemma 3.5. Let Q ∈ LSS(pm, qn, σQ) and let G = Dis(Q). Then:
(i) γ2(G) ≤ DisγQ ≅ Zm+kp where k ≤m and γQ is abelian.
(ii) If p ≠ q then γ2(G) = DisγQ and Z(G) = 1.
Proof. (i) SinceQ = Sg(a, [b]) then DisγQ embeds into Aut([a])×Aut([b]) ≅ (Zmp ⋊Zpm−1)2 . Hence DisγQ ≤ DisγQ
is solvable and then it is abelian by Lemma 1.5. Moreover γQ = ODisγQ since the blocks are connected. We can
apply Lemma 1.6(ii) to DisγQ , so it is isomorphic to Z
m+k
p with k ≤m since it is transitive on each block. Then
γQ is abelian according to [BS19, Theorem 1.1] and γ2(G) ≤ DisγQ by [BS19, Proposition 3.3].
(ii) If p ≠ q then Q is not nilpotent, and then γ2(G) = DisγQ since DisγQ is minimal in Norm(Q). Moreover
ζQ = conZ(G) = 0Q and accordingly Z(G) = 1. 
In the sequel we discuss several cases according to the equivalence relation σQ. We can have the following
cases:
Lemma 3.6. Let Q ∈ LSS(pm, qn, σQ). Then one of the following holds:
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(i) σQ = 1Q and Q is principal.
(ii) σQ = γQ.
(iii) σQ ∧ γQ = 0Q.
In particular if p = q then γQ ≤ σQ.
Proof. The blocks of σQ are subquandles of Q and they are blocks with respect to the action of LMlt(Q). Assume
that σQ ≠ 1Q. All the subquandles of Q are strictly simple, so either [a]γQ and [a]σQ coincide or their intersection
is the singleton {a}.
If p = q, the quandle Q is nilpotent and then γQ is a central congruence, i.e. γQ = ζQ ≤ σQ. 
Recall that, if Q is connected, the block of a with respect to σQ is the orbit of a under the action of N(Dis(Q)a)
[Bon19, Theorem 2.4].
Lemma 3.7. Let Q ∈ LSS(pm, qn, σQ), p ≠ q and G = Dis(Q). The following are equivalent:
(i) γQ ≤ σQ.
(ii) γ1(G) = γ2(G) ≅ Zm+kp with k ≤m.
(iii) Z(γ1(G)) ≠ 1.
Proof. (i) ⇒ (ii) The subgroup γ1(G) is γQ-semiregular and transitive on each block and Q/γQ is generated
by two elements. By Lemma 1.6(ii) γ1(G) embeds into Z2mp and has at least size pm. According to [Bon19,
Proposition 4.7] G/γ2(Q) is a q-group and since ∣G∣ = ∣γ1(G)∣qn = pm+kqn then γ1(G) = γ2(G).
(ii) ⇒ (iii) Clear.
(iii) ⇒ (i) Let Z = Z(γ1(G)). The orbits of Z are contained in the blocks of σQ: indeed Dis(Q)a ≤ γ1(G) and
then Z centralizes Dis(Q)a. Then a ≠ aZ ⊆ [a]σQ ∩ [a]γQ and so [a]γQ ≤ [a]σQ , since [a]γQ is strictly simple for
every a ∈ Q. Hence γQ ≤ σQ. 
Case p = q: let us start with the case p = q. In this case γQ = ζQ ≤ σQ and so Q is nilpotent of length 2. We can
characterize the displacement group of such quandles using the following Proposition.
Proposition 3.8. [Sim94, Proposition 9.2.5] Let G be a group and let X ⊆ G such that G/γ1(G) = ⟨{xγ1(G) ∣
x ∈ X}⟩. Then γ1(G)/γ2(G) = ⟨{[x, y]γ2(G) ∣ x, y ∈X}. In particular if G/γ1(G) is cyclic, then γ1(G) = γ2(G).
Theorem 3.9. Let Q ∈ LSS(pm, pn, σQ), G = Dis(Q) and a ∈ Q. Then Q is latin, Z(G) = DisζQ ≅ Zmp and
Φ(G) = γ1(G) ≅ Z(G) ×Ga ≅ Zm+kp .
In particular n ≥ 2.
Proof. According to [Bia15, Corollary 5.2] G is a p-group. The displacement group of the factor G/γ1(G) is
elementary abelian, so γ1(G) = Φ(G). The quandle Q is a finite connected faithful quandle of nilpotency length
2. Then according to [BB19, Proposition 3.5] Q is latin, Z(G) = DisζQ ≅ Dis([a]) ≅ Zmp , the kernel γ1(G)
decomposes as the direct product of the center and the stabilizer Ga and the last isomorphism follows from
Lemma 3.7(ii). According to Proposition 3.8, G/γ1(G) can not be cyclic, therefore n ≥ 2. 
The class LSS(pm, pn,1Q) is given by a class of principal quandles over special p-groups.
Proposition 3.10. Let Q be a finite quandle. The following are equivalent:
(i) Q is principal latin quandle in LSS(pm, pn,1Q).
(ii) Q ≅ Q(G,f) where G is a special p-group, f acts irreducibly on Z(G) ≅ Zmp and fZ(G) acts irreducibly
on G/Z(G) ≅ Znp .
In particular m ≤ n(n−1)
2
.
Isomorphism classes of such quandles are in one-to-one correspondece with conjugacy classes of such automor-
phisms.
Proof. (i) ⇒ (ii) Let Q ∈ LSS(pm, pn,1Q) and let G = Dis(Q). Then γ2(G) ≤ DisζQ = Z(G) = γ1(G) and then
γ2(G) = 1 and so G is a special p-group. By Lemma 1.4, Q/ζQ ≅ Aff(G/Z(G), fZ(G)). Since Q is LSS then the
action of f over Z(G) = [1]γQ and the action of fZ(G) over Dis(Q/ζQ) ≅ G/Z(G) is irreducible.
(ii) ⇒ (i) The coset partition with respect to Z(G) is a congruence of the quandle Q = Q(G,f) with strictly
simple factor and strictly simple blocks. Then Q is LSS according to Proposition 2.4.
By Proposition 3.8, γ1(G) ≅ Zmp has at most (n2) generators, therefore m ≤ (n2) = n(n−1)2 . 
Example 3.11. Let G be and extraspecial p-group and let Q = Q(G,f) be a LSS subdirectly irreducible
connected quandle. According to [Win72, Corollary 1] the exponent of G is p. According to the results of
[BB19], there are (p−1)
2
2
non-isomorphic quandles in LSS(p, p2,1Q) and such quandles are the unique non-abelian
subdirectly irreducible connected LSS quandles of size p3.
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Case p ≠ q. : now we consider the case p ≠ q. First we can characterize the structure of the displacement
group. The subgroup γ1(Dis(Q)) is a maximal characteristic subgroup of Dis(Q), the quotient Dis(Q)/γ1(G)
and γ2(Dis(Q)) are elementary abelian group. Then we can apply [Bon19, Proposition 4.7].
Theorem 3.12. Let Q ∈ LSS(pm, qn, σQ) and p ≠ q. If γQ ≤ σQ then
(3) Dis(Q) ≅ Zm+kp ⋊ρ Znq
where k ≤m, ρ is a faithful action and γ1(Dis(Q)) = γ2(Dis(Q)) = DisγQ .
Proof. By virtue of Lemma 3.5 and Lemma 3.7 we can apply [Bon19, Proposition 4.7(i)] and then Dis(Q) ≅
Z
m+k
p ⋊ρ Z
n
q . The kernel of ρ is a subgroup of the center of G. According to Lemma 3.5 Z(G) = 1 and then the
action ρ is faithful. 
Let us consider the case σQ ∧ γQ = 0Q.
Theorem 3.13. Let Q ∈ LSS(pm, qn, σQ) and σQ ∧ γQ = 0Q. Then
(4) Dis(Q) ≅ Zm+kp ⋊ρ K,
where K is an extraspecial q-group, q divides pm − 1, n is even and k ≤m. If q is odd then exp(K) = q.
Proof. Let G = Dis(Q). By virtue of Lemma 3.5 and Lemma 3.7 we can apply [Bon19, Proposition 4.7(ii)] and
then G ≅ γ2(G) ⋊ρK where K is a special q-group and Z(K) ≅ γ1(G)/γ2(G).
The automorphism group of a block is Aut([a]) = Zmp ⋊ Zpm−1 and the only fixed-point-free automorphisms
have order p. The elements z ∈ Z(K) have order q then z ∈ Dis(Q)ca for some ca ∈ [a] for every [a] ∈ Q/γQ.
Since Q = Sg(a, [b]), then
Z(K) Ð→ Aut([b])cb ≅ Zpm−1, h↦ h∣[b]
is an embedding and therefore Z(K) is cyclic and q divides pm − 1. Thus K is a extraspecial q-group, so n is
even.
The induced automorphism over K acts irreducibly on K/Z(K). According to [Win72, Corollary 1] if q is
odd then K has exponent q. 
Note that the action ρ in (3) and in (4) can be extended to the whole displacement group setting ρ(x) = 1
whenever x ∈ γ2(Dis(Q)). Sometimes we use such extension of ρ instead of ρ itself.
The equivalence σQ is controlled by the properties of the action of DisγQ :
Lemma 3.14. Let Q ∈ LSS(pm, qn, σQ) and γQ ∧ σQ = 0Q. The following are equivalent:
(i) σQ = 0Q.
(ii) (DisγQ)a ≠ 1 for every a ∈ Q.
Proof. Let σQ ≠ 0Q and bσQ a such that b ∉ [a]γQ . Therefore, (DisγQ)a = (DisγQ)b and (DisγQ)a fixes [a] and
b which generate Q. Hence (DisγQ)a = 1. On the other hand if (DisγQ)a = 1 then Dis(Q)a ≅ Zq for every a ∈ Q
and it embeds into Aut([b]) ≅ Zmp ⋊Zpm−1 for every b ∉ [a]. The fixed-point-free elements of Aut([b]) have order
p, therefore Dis(Q)a fixes some cb ∈ [b] and so Dis(Q)a = Dis(Q)cb , i.e. σQ ≠ 0Q. 
Corollary 3.15. Let Q ∈ LSS(pm, qn,0Q). Then the action ρ in (4) is faithful and N ((DisγQ)a) = DisγQ .
Proof. Since σQ = 0Q then N(Dis(Q)a) = Dis(Q)a for every a ∈ Q and (DisγQ)a is not trivial by Lemma 3.14.
If ρ(h) = 1 then h ∈ N(Dis(Q)a)⋂K = Dis(Q)a⋂K ≤ γ1(Dis(Q))⋂K ≤ Z(K). So h ∈ Z(Dis(Q)) = 1 and then
ρ is faithful.
The congruence γQ is abelian, so (DisγQ)a = (DisγQ)b whenever aαb, and then DisγQ normalizes (DisγQ)a. On
the other hand the subgroup (DisγQ)a,b is trivial whenever b ∉ [a] since Q is generated by [a] and b. So, if h
normalizes (DisγQ)a then (DisγQ)a = (DisγQ)h(a) = (DisγQ)a,h(a), and so h(a)αa i.e. h ∈ DisγQ . 
Note that if σQ ≠ 0Q then DisγQ ≅ Z
m
p and so it has the minimal admitted size. On the other extreme, i.e.
when the size of DisγQ is maximal, we have the following:
Proposition 3.16. Let Q ∈ LSS(pm, qn,0Q). If DisγQ ≅ Z2mp then Sg(a, b) ≅ Q/γQ whenever [a] ≠ [b] and Q is
latin.
Proof. Note that Sg(a, b) ≅ h(Sg(a, b)) = Sg(a,h(b)) for every a, b ∈ Q and every h ∈ Dis(Q)a. The action of(DisγQ)a ≅ Zmp restricted to [b] is regular whenever [a] ≠ [b], since Q = Sg([a], c) for every c ∈ [b] and (DisγQ)a
fix all the elements of [a]. If Q = Sg(a, b) for some a, b ∈ Q, then Q = Sg(c, d) for any cγQ a and dγQ b. Any
element of order q in γ1(Dis(Q)) fixes one element in each block of γQ and then it fixes some pair of generators,
contradiction. Let b ∗ a = c ∗ a ∈ Sg(a, b). Since Sg(a, b) is isomorphic to [a] or to Q/γQ, it is latin. Therefore
c = (b ∗ a)/a = b and Q is latin. 
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Remark 3.17. Let Q ∈ LSS(pm, qn, σQ) and G = Dis(Q). Then the Frattini subgroup Φ(G) is properly
contained in the Fitting subgroup F (G) (G is solvable) and γ2(G) ≤ F (G) ≤ γ1(G) since F (G) is characteristic
and γ2(G) is abelian. If γ1(G) = γ2(G) then F (G) = γ2(G) and Φ(G) = 1. Otherwise, γ2(G) has prime index in
γ1(G) and γ1(G) has trivial center. So again F (G) = γ2(G) and Φ(G) = 1.
The classes LSS(p, qn, σQ). In this section we turn our attention to the case m = 1.
Corollary 3.18. Let Q ∈ LSS(pm, qn, σQ) and p ≠ q.
(i) If n = 1 then γQ ≤ σQ.
(ii) If m = 1 then DisγQ ≅ Z
2
p.
In particular the class LSS(p, qn,1Q) is empty.
Proof. (i) Let G = Dis(Q). According to Proposition 3.8, γ1(G) = γ2(G) since Dis(Q/γQ) ≅ G/γ1(G) is cyclic.
So by Lemma 3.7, γQ ≤ σQ.
(ii) The congruence ζQ is trivial, hence γQ is not central. The subgroup DisγQ embeds into Z
2
p and according
to [Bon19, Lemma 4.4] it is not cyclic. So DisγQ ≅ Z
2
p. In particular Q is not principal, since Dis(Q)a is
non-trivial. 
Let us consider the case γQ = σQ.
Proposition 3.19. Let Q ∈ LSS(p, qn, γQ). Then q > 2 and n = 1.
Proof. By virtue of Corollary 3.18(ii) Q is not principal and by Theorem 3.12 Dis(Q) = G ≅ Z2p ⋊ρ Znq where ρ is
a faithful action. Then q divides p2 − 1.
If q divides p − 1 or q = 2 then the action of Znq is diagonalizable (see Lemma 7.1) and then Z
n
q embeds into the
subgroup of diagonal matrices of order q (see Lemma 7.2). The subgroup of diagonal matrices of order q has
size q2, then n ≤ 2. In n = 2 then there exists h ∈ Z2q such that ρ(h) = kI and so h ∈ N(Dis(Q)a). Accordingly
Sg(h(a), [a]γQ) = Q ⊆ [a]σQ and then σQ = 1Q, contradiction. Hence n = 1 and q > 2 since the two elements
quandle is not connected.
If q > 2 divides p + 1 then by Lemma 7.1 and Lemma 7.3(i) Znq is cyclic, i.e. n = 1. 
If Q ∈ LSS(pm, qn, σQ) and σQ ∧ γQ = 0Q, then n is even according to Theorem 3.13.
Proposition 3.20. Let Q ∈ LSS(p, q2n, σQ) such that σQ ∧ γQ = 0Q. Then σQ = 0Q and q = 2.
Proof. The equivalence σQ is trivial by virtue of Corollary 3.18(ii) and Lemma 3.14.
Let q > 2 and Q ∈ LSS(p, q2n,0Q). Then Dis(Q) ≅ Z2p ⋊ρ K where K is the extraspecial q-group of exponent q
and q divides p − 1. So according to Lemma 7.1 ρx is diagonalizable for every x ∈K. If the eigenvalues of ρz are
different, then K embeds in the centralizer of ρz which is the subgroup of the diagonal matrices. Since K is not
abelian then ρz is a scalar matrix. If x is not a central element of K then ρx has different eigenvalues µ,λ. Let
y ∉ CK(x), then
ρ
−1
y ρ
−1
x ρyρx = [a cb d]
−1 [µ1 0
0 λ
]−1 [a c
b d
][µ 0
0 λ
] = (µλ)−1
det(ρg) [
µ(λad − µbc) λ(λ − µ)cd
µ(µ − λ)ab λ(µad − λbc)] = ρsz.
Therefore a = d = 0 and µ = −λ. So [ρy, ρx] = −I ∈ ⟨ρz⟩ which has order 2. Hence q = 2. 
Recall that strictly simple quandles have an affine representation over finite fields given by Aff(Fq, λ) where
λ ∈ F∗. In particular the orbits of the bijection x↦ λx have all length equal to the multiplicative order of λ.
Proposition 3.21. Let Q ∈ LSS(p,22n,0Q) and let k be the order of the left multiplications of Q/γQ. Then∣La∣ = k for every a ∈ Q and p = 1 (mod k).
Proof. Let Q = Q(G,H,f) where G = Dis(Q), f = L̂a and H = Fix(f). Let b ∉ [a]. According to Proposition
3.16, Sg(a, b) ≅ Q/γQ and then ∣bLa ∣ = ∣[b]L[a] ∣ = k, since all the cycles of L[a] have equal length. The block [a]
is isomorphic to Aff(γ2(G)/γ2(G)a, f ∣γ2(G)) ≅ Aff(Zp, t) for some t ≠ 0,1 ∈ Zp. So restriction of f to γ2(G) is
diagonalizable with eigenvalues 1 and t ≠ 1. We denote by F the matrix with respect to a basis of eigenvectors. If
x ∈ K = G/γ2(G) is a non central element of K then ρx is not diagonal with respect to this basis since x does not
normalize (Disα)a (see 3.15). The center ofK is fixed by fγ2(G) and its induced mapping overK/Z(K) ≅ G/γ1(G)
is fγ1(G). Then according to Lemma 1.2 the order of fγ2(G) and the order of fγ1(G) coincide and so f
k(x) = xd
where d ∈ γ2(G). Hence
(5) ρfk(x) = F
k
ρxF
−k = [1 0
0 tk
] [a c
b d
][1 0
0 t−k
] = [ a ct−k
btk d
] = ρx = [a c
b d
] .
Equation (5) implies that tk = 1. Therefore p− 1 = 0 (mod k) and so ∣bLa ∣ divides k whenever b ∈ [a]α. Therefore∣La∣ = l.c.m.{∣bLa ∣ ∣ b ∈ Q} = k for every a ∈ Q. 
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According to Proposition 3.19 and Proposition 3.20 LSS(p, q, γQ) and LSS(p,4,0Q) are the classes of the
smallest examples of faithful LSS subdirectly irreducible quandles.
Using the results of this section we can prove a non-existing result for non-affine latin quandles of size 8p
where p is a prime.
Theorem 3.22. Let p be a prime. Latin quandles of size 8p are affine.
Proof. A computer search on the RIG library of GAP reveals that the claim is true for p ≤ 5.
Let p > 5. The quandle Q has no factor of size 2, and it has also no factor of size 4, since in such case the blocks
of the congruence have size 2p, but there is no connected quandle of size 2p for p > 5 [McC12]. Simple factors of
Q have prime power size, so they have either size 8 or p. Let α and β be maximal congruences of Q and γ = α∧β.
Clearly Q/γ embeds subdirectly into Q/α ×Q/β. Both factors are strictly simple, therefore the block [a]α maps
onto Q/β and then ∣Q/γ∣ = ∣Q/α∣∣[a]α∣ ≥ ∣Q/α∣∣Q/β∣. Hence Q/γ ≅Q/α ×Q/β. So, if Q has two different maximal
congruence then Q has a factor of size either 64, p2 or 8p. Since the size of the factors divides the size of Q,
the first two cases can not happen and in the last case Q is a direct product of simple latin quandle and then
affine. Let α be the unique maximal congruence of Q. If the blocks of α have size p then it is also minimal, if
the blocks have size 8, since all the latin quandles of size 8 are strictly simple then α is minimal aswell. Hence
if Q is not affine, it has a unique proper congruence, which is γQ since Q is not affine and the factor is affine,
and then Q ∈ LSS(p,8, σQ) or Q ∈ LSS(8, p, σQ). According to Propositions 3.19 and 3.20 if Q ∈ LSS(p,2n, σQ)
then n is even. Hence Q ∈ LSS(8, p, σQ) and therefore σQ ≤ γQ by Corollary 3.18(i).
In particular, by Theorem 3.12 we have that γ2(Dis(Q)) = Disα = Disα = γ1(Dis(Q) and it embeds into Dis([a])2 ≅
Z
6
2. Therefore Dis(Q) ≅ Disα ⋊ Zp and in particular p divides the size of Aut(Disα) = GL3+k(2) for some
0 ≤ k ≤ 3. Hence p ∈ {7,31}. An exhaustive GAP computer search on the groups of the form Z3+k2 ⋊Zp and their
automorphisms for 0 ≤ k ≤ 3 and p ∈ {7,31} shows that there are no such quandles. 
4. Connected quandles of size pq
A complete description of connected quandles of size p2 is provided in [Gra04]. In this section we give a
complete classification of non-simple connected quandles of size pq where p and q are different primes. As we
shall see, they are LSS and so we can apply the results of the previous Section.
First of all note that all connected quandles of size pq are faithful.
Lemma 4.1. Connected quandles of size pq are faithful.
Proof. According to [BV18, Theorem 1.1] if Q is connected, then Q/λQ has not prime size. If ∣Q∣ = pq every
factor of Q has prime size, so λQ is trivial. 
Using that every factor and the blocks of every congruence has prime size blocks it is easy to show that the
congruence lattice of connected quandles of size pq is one of the lattices in Figure 1. Let us first characterize
subdirectly reducible quandles of size pq.
Proposition 4.2. Let p ≠ q and let Q be a connected quandle Q of size pq. The following are equivalent:
(i) Q ≅ Aff(Zp, f) ×Aff(Zq , g).
(ii) Q is subdirectly reducible.
In particular, there are (p − 2)(q − 2) isomorphism classes of such quandles.
Proof. (i) ⇒ (ii) Clear.
(ii) ⇒ (i) Note that any congruence of Q has block of prime size, so any pair of congruences meet at 0Q and
every congruence has strictly simple factor of prime size. Therefore Q is a direct product (see Theorem 2.6). 
Note that quandles in Proposition 4.2 are connected subdirectly reducible LSS quandles as described in
Theorem 2.6.
Let us consider the subdirectly irreducible case. The unique proper congruence is γQ since the factor has
prime size and then it is abelian, and the blocks have prime size. According to [ESG01] they are either connected
or projection. In the first case Q is a LSS quandle and Q ∈ LSS(p, q, γQ) (see Corollary 3.18). In the second case
we have the following:
Proposition 4.3. Let Q be a subdirectly irreducible connected quandle of size pq. If the blocks of γQ are projection
subquandles then Q ∈ LSS(2,3, γQ).
Proof. The quandle Q is a faithful connected extension of a strictly simple quandle by a projection quandle of
prime power size. Then [Bon19, Theorem 4.3] applies and since γ1(G) = γ2(G) = DisγQ (by Proposition 3.8) then
γQ = σQ and so ∣Q∣ = 6. As we already pointed out before Q ∈ LSS(2,3, γQ). 
From now on we assume that p ≥ 3 (since two elements quandles are projection). The following Theorem
characterizes quandles in LSS(p, q, γQ) by automorphisms of the group Gp,q ≅ Z2p ⋊ρ Zq with detρ(1) = 1 which
are investigated in the Appendix 7. In particular recall that LSS(p, q,1Q) is empty (see Corollary 3.18(ii)).
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Theorem 4.4. Let Q be a quandle. The following are equivalent:
(i) Q ∈ LSS(p, q, γQ).
(ii) Q ≅ Q(Gp,q, F ix(f), f), where fγ1(Gp,q) = −1, det(f ∣γ1(Gp,q)) = −1, Tr(f ∣γ1(Gp,q)) = 0 and Dis(Q) ≅ Gp,q.
In particular Q is latin.
Proof. (i) ⇒ (ii) According to Theorem 3.12 and Corollary 3.18(i) we have that Dis(Q) ≅ G = Z2p ⋊ρ Zq, where ρ
is a faithful action with ρ(1) = A and Z(G) = 1 and q divides p2−1. So Q ≅ Q(G,F ix(f), f) for some f ∈ Aut(G)
which is identified by
(6) f = {f ∣γ1(G) = F, c↦ cuf df ,
where F ∈ GL2(p), 1 ≤ uf ≤ q − 1 and df ∈ γ1(G). Note that FAF −1 = Auf , since f is an automorphism
and in particular det(A)uf = det(A) and det(A)q = 1. If det(A) ≠ 1 then uf = 1 (mod q) and accordingly
Q/γQ ≅ Aff(G/γ1(G), fγ1(G)) is projection, contradiction. Therefore det(A) = 1 and then G ≅ Gp,q by virtue of
Proposition 7.4. According to Proposition 7.5, uf = −1.
The subgroup H = Fix(f) is not normal (see Remark 7.6) and then CoreGp,q(H) = 1, so in particular Fix(f) is
not invariant under A. Accordingly Dis(Q) ≅ Gp,q/CoreGp,q(H) =Gp,q .
The restriction F is diagonalizable with eigenvalues 1, k ≠ 0,1. Since f ∈ Aut(G) then FA = A−1F (*). Using a
basis of eigenvectors of F , a ∈H and b condition (*) implies that k = −1 and so Tr(F ) = 0 and det(F ) = −1.
(ii) ⇒ (i) Let Q ≅ Q(G,H,f) where G = Gp,q, H = Fix(f), uf = −1 and Tr(F ) = 0 and det(F ) = −1. The
matrix F has eigenvalues 1 and −1, so H ≅ Zp and ∣Q∣ = pq. Moreover Q has a congruence with strictly simple
connected factor and strictly simple connected blocks and so it is connected and LSS (see Proposition 2.4).
In order to show that Q is latin, note that the mapping (18) in Remark 7.6(ii) is the right multiplication by
H ∈ Q and then Q is latin. 
We show that there exists just two subdirectly irreducible connected quandles of size pq up to isomorphism
using the isomorphism Theorem 1.3. By virtue of Theorem 4.4 the quandle Qd = Q(Gp,q, F ix(fd), fd), where
(7) fd =
⎧⎪⎪⎨⎪⎪⎩F =
⎡⎢⎢⎢⎢⎣
0 1
1 0
⎤⎥⎥⎥⎥⎦
, c↦ c−1d, .
and d ∈ γ1(Gp,q) are latin quandles of size pq.
Theorem 4.5. Let p, q ≥ 3 be primes such that q divides p2 − 1 and 1 ≠ a ∈ γ1(Gp,q). The quandles Q1 and Qa
are the unique subdirectly irreducible connected quandle of size pq up to isomorphism. In particular, they are the
unique non-affine latin quandles of size pq.
Proof. Let q divides p− 1. According to Lemma 7.1, A is diagonazable with eigenvalues k, k−1 (Lemma 7.1) and
so the matrices F such that Tr(F ) = 0, det(F ) = −1 and FAF = A−1, are of the form
F = [0 x−1
x 0
] , where x ≠ 0.
So the number of automorphism of Gp,q as in Theorem 4.4 is p
2(p − 1). It is easy to compute the centralizer of
f1 as
(8) h =
⎧⎪⎪⎨⎪⎪⎩H =
⎡⎢⎢⎢⎢⎣
x 0
0 x−1
⎤⎥⎥⎥⎥⎦
, c↦ cd, d ∈ ker(1 −AF ) , h = ⎧⎪⎪⎨⎪⎪⎩H =
⎡⎢⎢⎢⎢⎣
0 x−1
x 0
⎤⎥⎥⎥⎥⎦
, c↦ c−1d, d ∈ ker(1 −AF )
and then it has size 2(p − 1)p. Let a = (1,0). Likewise the centralizer of fa is
(9) h = {H = F, c ↦ cd, d = (u,−ku), u ∈ Zp h = {H = F, c↦ c−1d, d = (1 − ku,u), u ∈ Zp
and then it has size 2p. Then f1 and fa are not conjugate since their centralizer have different orders. Then
[Aut(Gp,q) ∶ CAut(Gp,q)(f1)] + [Aut(Gp,q) ∶ CAut(Gp,q)(fa)] = 2p
2(p − 1)2
2p(p − 1) +
2p2(p − 1)2
2p
= p
2(p − 1)
so f1 and fa are representatives of conjugacy classes of the desired automorphisms.
If q divides p + 1 the same enumeration argument will follow taking into account that in such case the matrix A
in a suitable basis is
A = [0 −1
1 −b
]
and x2 + bx + 1 is an irreducible polynomial since A has no eigenspaces (see 7.1).
Simple latin quandle have size a power of a prime [Bon19, Sta15], therefore Q1 and Qa are the unique latin
quandles of size pq. 
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The only involutory strictly simple quandles are Aff(Zp,−1). So if Q ∈ LSS(pm, qn, σQ) is involutory, then
n =m = 1 and Q ≅ Q1 as defined in (7).
According to the enumeration above, the (non-simple) connected subdirectly irreducible quandle of size 3p with
p > 2 are the Galkin quandles defined in [CEH+13, CH13].
As a byproduct we obtain the classification of non-associative Bruck loops of order pq already shown in
[Voj18], by virtue of the one to one correspondence between involutory latin quandles and Bruck loops of odd
order [Sta15]. Indeed Q1 is the unique non-affine involutory latin quandle of size pq.
Corollary 4.6. Let p, q ≥ 3 be primes such that q divides p2 − 1. There exists a unique non-associative Bruck
loop of size pq up to isomorphism.
5. Connected quandles of size 4p
In this section we classify all non-simple connected quandles of size 4p and we show that all but a few small
exceptions are examples of LSS connected quandles.
If p > 2 then connected quandles of size 4p are faithful.
Lemma 5.1. Connected quandles of size 4p with p > 2 are faithful.
Proof. Assume that Q is not faithful. Then Q/λQ has not prime size (see [BV18, Theorem 1.1]) so Q/λQ is the
unique connected quandle of size 4. According to [BV18, Example 8.3] the orbits with respect to LMlt(Q) of
every element of Q has size 8, therefore Q has size 8. 
If p > 5 there are no connected quandles of size 2p [McC12, HSV16], so every factor of a connected quandle of
size 4p has size either 4 or p and consequently also the blocks of congruences have size either 4 or p. Therefore
the congruence lattice is one of the lattices in Figure 1. In particular if Q is subdirectly reducible then it is a
direct product (the same argument of 4.2 applies).
Recall that there exists a unique connected quandle of size 4, i.e. Aff(Z22, f) where the order of f is 3 and it is
strictly simple.
Proposition 5.2. Let Q be a connected quandle of size 4p with p > 5. The following are equivalent:
(i) Q is subdirectly reducible.
(ii) Q ≅ Aff(Z22, f) ×Aff(Zp, g).
We turn now out attention to the subdirectly irreducible case.
Lemma 5.3. Let Q be a subdirectly irreducible connected quandle of size 4p with p > 5. Then γQ is the unique
congruence of A, ζQ = 0Q and Z(Dis(Q)) = 1.
Proof. If ζQ ≠ 0Q then Q is faithful and nilpotent and then it decomposes as a direct product of prime power
size quandles [BS19, Theorem 1.4]. Hence Q is subdirectly reducible, contradiction. The orbits of Z(Dis(Q)) are
contained in the blocks of ζQ. Accordingly Z(Dis(Q)) = 1. In particular Q is not abelian and then its unique
proper congruence is γQ since the factor is abelian. 
Assume that the unique factor of Q has prime size and the blocks have size 4. So that the blocks of γQ are
isomorphic to one of the following quandles: P4, Aff(Z4,−1) or Aff(Z22, f) (the unique connected quandle of size
4), since these are all the homogenous quandles of size 4.
Proposition 5.4. Let Q be a subdirectly irreducible connected quandle of size 4p and ∣Q/γQ∣ = p > 5. Then p = 7.
Proof. Let G = Dis(Q). According to Proposition 3.8, γ1(G) = γ2(G) = DisγQ since Dis(Q) is not nilpotent and
DisγQ is minimal in Norm(Q). Let us discuss all the possible cases according to the properties of the blocks of
γQ:
(i) If they are are connected, then Q is LSS and we can apply Lemma 3.5 and γ1(G) embeds into Z42.
(ii) If the blocks of γQ are isomorphic to Aff(Z4,−1). then γ1(G)∣[a] embeds into Aut([a]) ≅ Z4 ⋊ Z2, see
[EMR10, Theorem 2.1]. Therefore, γ1(G) = DisγQ is solvable and therefore it is abelian (see 1.5). Hence
γ1(G) is γQ-semiregular, so ∣γ1(G)∣[a]∣ = 4 and then γ1(G) embeds into Z24 or into Z42.
(iii) If the blocks of γQ are projection subquandles, then by Lemma [Bon19, Lemma 4.1] γQ is abelian and
γ1(G) is transitive and semiregular on each block of γQ. Therefore ∣γ1(G)∣[a]∣ = 4, so γ1(G) embeds into
Z
2
4 or into Z
4
2.
Hence, Dis(Q) ≅ A ⋊ Zp, and p divides the size of Aut(A) where A = Z2+k2 and k ≤ 2 or A = Zk4 and k ≤ 2. In the
first case p ∈ {2,3,5,7} and in the second case p ∈ {2,3}. 
A complete list of subdirectly irreducible connected quandles of size 28 which falls in the class described in
Proposition 5.4 is given in the following table (none of them is latin):
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RIG ∣Q/γQ∣ [a] Dis(Q) Note
(28,3) 7 Aff(Z2
2
, f) Z3
2
⋊ Z7 LSS(4,7, γQ)
(28,4) 7 Aff(Z2
2
, f) Z3
2
⋊ Z7 LSS(4,7, γQ)
(28,5) 7 Aff(Z2
2
, f) Z3
2
⋊ Z7 LSS(4,7, γQ)
(28,6) 7 Aff(Z2
2
, f) Z3
2
⋊ Z7 LSS(4,7, γQ)
Let us consider the case in which Q/γQ is the unique connected quandle of size 4, i.e. Aff(Z22, f).
Proposition 5.5. Let Q be a connected subdirectly irreducible quandle of size 4p, p > 5 and ∣Q/γQ∣ = 4. Then
Q ∈ LSS(p,4,0Q).
Proof. The blocks of γQ are homogeneous quandles of prime size. So they are either projection or connected.
Assume that the blocks of γQ are projection. Then the quandle Q is a connected faithful extension of a strictly
simple factor by a prime size projection quandle. So the size of Q is either 6 or 12 according to [Bon19, Theorem
4.8]. Therefore the blocks are connected strictly simple quandle and then Q ∈ LSS(p,4, σQ). According to
Proposition 3.19 and to Proposition 3.20 σQ = 0Q. 
Proposition 5.6. Let Q ∈ LSS(p,4,0Q). Then Q is latin and Dis(Q) ≅ Z2p ⋊ρ Q8 where ρ is a faithful action.
Moreover L3a = 1 for every a ∈ Q and p = 1 (mod 3).
Proof. According to Theorem 3.13 and Corollary 3.18(ii) Dis(Q) ≅ G = Z2p⋊ρK whereK is an extraspecial 2-group
of size 8 and ρ is a faithful action. Let f = L̂a. According to Lemma 1.2 and Lemma 3.21 ∣f ∣ = ∣La∣ = ∣L[a]∣ = 3
for every a ∈ Q and p = 1 (mod 3). So, the automorphism fγ2(G) ∈ Aut(K) has also order 3. The automorphisms
group of D8 has size 8, then it has no element of order 3, so K ≅ Q8. Moreover Q is latin by Proposition 3.16. 
Faithful representations of dimension 2 of Q8 are irreducible (see Lemma 7.3(ii)) and they are all isomorphic
[Pet00]. Let p be a prime such that p = 1 (mod 3) and let k ∈ Z∗p be an element of order 3. We define Gk = Z2p⋊ρQ8
where
ρx = [0 −11 0 ] , ρy = [k
2 k
k −k2
] , ρz = [−1 00 −1] .
In particular Gk is the unique semidirect product Z
2
p ⋊ρ Q8 where ρ is a faithful action up to isomorphism.
Theorem 5.7. Let p be a prime such that p = 1 (mod 3) and Gk = Z2p ⋊ρ Q8. The following are equivalent:
(i) Q is a connected subdirectly irreducible quandle of size 4p.
(ii) Q ≅ Q(Gk, F ix(f), f) where f3 = 1, ∣Fix(f)∣ = 2p, f acts irreducibly on Gk/γ1(Gk) and Dis(Q) ≅Gk.
Proof. (i) ⇒ (ii) It follows from Proposition 5.6 by virtue of Lemma 1.2.
(ii) ⇒ (i) Let G = Gk and [G,f] be the subgroup generated by {gf(g)−1 ∣ g ∈ G}. Recall that the action
of Dis(Q) is the canonical left action of [G,f] over G/Fix(f) and Dis(Q) ≅ [G,f]/CoreG(Fix(f)) (see [BB19,
Section 2]). If fγ1(G) acts irreducibly, then
[G/γ1(G), fγ1(G)] = Im(1 − fγ1(G)) = G/γ1(G).
Since Z(K) = Φ(K) and K/Z(K) ≅ G/γ1(G) then K is generated by {gfγ2(G)(g)−1K ∣ g ∈ G} as well, i.e.
G/γ2(G) =K = [K,fγ2(G)]. The dimension of Fix(f)∩ γ2(G) is one, then γ2(G)∩ [G,f] is a non-trivial normal
subgroup of G. The action ρ has no invariant subspaces then γ2(G) ≤ [G,f] and CoreG(Fix(f)) = 1 (since
normal subgroups of G contained in γ2(G) are the invariant subspace under ρ). Therefore G = [G,f] ≅ Dis(Q)
and its action is transitive. Then Q is connected and it has size [Gk ∶ Fix(f)] = 4p. 
According to the isomorphism Theorem 1.3 we need to compute conjugacy classes of automorphisms of Gk
satisfying the condition of Theorem 5.7. Note that automorphisms of Gk are uniquely determined by their action
on generators, and in particular their restriction to the derived subgroup of Gk can be represented by a matrix
of rank 2. A complete description of the automorphisms of such group is given in the Appendix 7.
Theorem 5.8. Let p > 5 be a prime such that p = 1 (mod 3). The quandles Qλ = Q(Gk, F ix(f(λ)), f(λ)) where
f(λ) = ⎧⎪⎪⎨⎪⎪⎩x ↦ y, y ↦ xyz, z ↦ z, f(λ)∣γ1(Gk) =
⎡⎢⎢⎢⎢⎣
1 + λ −k(1 + λ)
k2(1 + λ) 0
⎤⎥⎥⎥⎥⎦
and λ = k, k2 are the unique quandles in LSS(p,4,0Q) up to isomorphism. In particular, they are the unique
non-affine latin quandles of size 4p.
Proof. According to Theorem 1.3 we need to compute the conjugacy classes of automorphisms as in Theorem
5.7. The number of such automorphisms is 16p according to Lemma 7.8. The automorphisms f(k) and f(k2)
are not conjugate, since their restriction to γ2(Gk) have different determinant. Then using Lemma 7.9 we have
∣Aut(Gk)∣∣CAut(Gk)(f(k))∣ +
∣Aut(Gk)∣∣CAut(Gk)(f(k2))∣ = 2
24p2(p − 1)
3p(p − 1) = 16p.
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Hence f(k), f(k2) are the representative of the conjugacy classes of the desired automorphisms.
Since simple latin quandles have prime power size, Qλ with λ = k, k
2 are the unique non-affine latin quandles
of size 4p (a GAP computer search reveals that for p ≤ 5 latin quandles of size 4p are affine). 
Abelian extensions of the four-elements latin quandle. Let Q be a connected quandle and α ∈ Con(Q).
Then Q in an extension of Q/α by [a] and it is isomorphic to Q/α ×β [a] = (Q/α × [a],∗) where (a, s) ∗ (b, t) =(a∗ b, β(a, b, s)(t)) and β ∶ Q×Q× [a]→ Sym([a]) is called dynamical cocycle (the permutations β(a, b, s) satisfy
suitable conditions, see [AG03, Section 2]). Moreover for every γ ∶Q → Sym(S),
σ(a, b, s) = γ(a ∗ b)β(a, b, γ(a)−1(s))γ(b)−1
is a dynamical cocycle and Q ×β S ≅ Q ×σ S.
We turn our attention to a particular family of cocycles. An abelian cocycle of Q with coefficients in an abelian
group A is a triple β = (ψ,φ, θ) where ψ ∶ Q ×Q → Aut(A), φ ∶ Q ×Q → End(A) and θ ∶ Q ×Q → A satisfy the
following conditions
ψa,b∗c(θb,c) + θa,b∗c = ψa∗b,a∗c(θa,c) + φa∗b,a∗c(θa,b) + θa∗b,a∗c
φa,b∗c = φa∗b,a∗cφa,b +ψa∗b,a∗cφa,c
ψa,b∗cψb,c = ψa∗b,a∗cψa,c,(CC)
ψa,b∗cφb,c = φa∗b,a∗cψa,b,
φa,a +ψa,a = 1
θa,a = 0.
We call such conditions cocycle conditions and the quandle Q×β A where β(a, b, s)(t) = φa,b(s)+ψa,b(t)+θa,b for
every a, b ∈ Q/α and s, t ∈ A is called abelian extension of Q (in the literature this construction is also known as
quandle modules [AG03]).
If Q is latin, u ∈ Q and β = (φ,ψ, θ) is an abelian cocycle we can define γ(a) = ψ−1a/u,u for every a ∈ Q in order
to construct an abelian cocycle as follows:
σ(u)(a, b, s)(t) = γ(a ∗ b) (φa,bγ(a)−1(s) +ψa,bγ(b)−1(t) + θa,b) =
= φ−1(a∗b)/u),uφa,bψa/u,u(s)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
φ(u)a,b(s)
+ψ−1(a∗b)/u,uψa,bψb/u,u(t)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
ψ(u)a,b(t)
+ψ−1(a∗b)/u,u(θa,b)´udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¸udcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymodudcurlymod¶
θ(u)a,b
.
In particular, Q ×σ(u) A is isomorphic to Q ×β A and ψ(u)a,u = ψu,u for every a ∈ Q. We call σ(u) =(ψ(u), φ(u), θ(u)) a u-normalized cocycle.
Using the same techniques developed in [BV18] it can be showed that normalized cocycles with coefficients
in Zp have some special properties, taking also advantage from the fact that the automorphism group of Zp is
abelian (all the computations are straightforward manipulation of the cocycle conditions and then omitted). We
define g, f,h ∶ Q ×QÐ→ Q ×Q as:
g ∶ (a, b)→ (u ∗ a,u ∗ b), f ∶ (a, b)→ (a ∗ (b/u), a ∗ u), h ∶ (a, b)→ ((b/(u/a)) ∗ a, b).
These mappings are permutations of Q ×Q [BV18, Section 4].
Proposition 5.9. Let Q be a latin quandle and β = (ψ,φ, θ) a u-normalized abelian cocycle with coefficients in
Zp. Then:
(i) ψa,u = ψu,a = ψu,u = ψa,a;
(ii) ψk(a,b) = ψa,b,
for every a, b ∈ Q and every k ∈ ⟨f, g, h⟩.
Applying Proposition 5.9 to the unique connected quandle of size 4, Q = Aff(Z22, f) we have that 0-normalized
cocycles of Q have the following form
(10) ψ =
⎡⎢⎢⎢⎢⎢⎢⎣
λ λ λ λ
λ λ µ µ
λ µ λ µ
λ µ µ λ
⎤⎥⎥⎥⎥⎥⎥⎦
, φ =
⎡⎢⎢⎢⎢⎢⎢⎣
1 − λ φ0 φ0 φ0
φ1 1 − λ φ2 φ3
φ1 φ3 1 − λ φ2
φ1 φ2 φ3 1 − λ
⎤⎥⎥⎥⎥⎥⎥⎦
.
where λ,µ ∈ Aut(Zp) and φi ∈ End(Zp) for 0 ≤ i ≤ 3. Starting from (10) and using the cocycle conditions (CC)
we have the following:
Proposition 5.10. Let β = (φ,ψ, θ) be an abelian 0-normalized cocycle of Q = Aff(Z22, f) with coefficients in Zp.
Then ψa,b = λ and φa,b = 1 − λ for every a, b ∈ Q for some 0 ≠ λ ∈ Zp .
If an abelian cocycle β is as in Proposition 5.10, then the kernel of the canonical projection Q ×β A Ð→ Q is
a central congruence [BS19, Proposition 7.5]. Therefore subdirectly irreducible latin quandles of size 4p are not
abelian extensions of Aff(Z22, f).
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6. Non connected LSS quandles
In this section we study non connected LSS quandles. Every subset of a projection subquandle is a subquandle,
so LSS projection quandle have size 2 or 3. From now on we consider just non-projection quandles. We will
denote by piQ the orbit decomposition with respect to the action of Dis(Q).
Lemma 6.1. Let Q be a finite non-connected non-projecction LSS quandle and α,β ∈ Con(Q). Then:
(i) Q/α is strictly simple.
(ii) Q/α is projection if and only if α = piQ. Moreover Q/piQ ≅ P2.
(iii) α ∧ β = 0Q.
Proof. (i) The proof is the same as in Lemma 2.2(ii).
(ii) By virtue of item(i), Q/α is projection and strictly simple, so Q/α = P2 and piQ ≤ α. Since Q/piQ ≅ P2
then α = piQ.
(iii) Let α, β and γ = α ∧ β ∈ Con(Q). If both the factors Q/α, Q/β are projection, then by item (ii)
γ = α = β = piQ. Let assume that Q/γ is connected. The blocks of γ have all the same size and [a]γ is a
subquandle of [a]α. So either α = β or γ = 0Q since the blocks are strictly simple quandles. 
First we characterize the subdirectly reducible non connected LSS quandles.
Proposition 6.2. Let Q be a subdirectly reducible non-connected non-projection LSS quandle. Then Q ≅ P2 ×R
where R is a connected strictly simple quandle.
Proof. Let α ∈ Con(Q) such that α ∧ piQ = 0Q. Then Q embeds subdirectly into P2 ×Q/α. If Q/α ≅ P2, then Q
is projection. So Q/α is connected and strictly simple and Q embeds into P2 ×Q/α. The blocks with respect to
α have all the same size and therefore they have size 2 since α is a proper congruence of Q. So ∣Q∣ = 2∣Q/α∣ and
then Q ≅ P2 ×Q/α. 
Let assume that Q is subdirectly irreducible, so piQ is the unique congruence of Q. Let us denote the compo-
nents of Q by Q1,Q2 and their mutual actions by
ρ1 ∶ Q1 → Conj(Aut(Q2)), ρ2 ∶Q2 → Conj(Aut(Q1)),
where ρi are morphisms of quandles. In particular the action need to satisfy
(11) ρ1(ρ2(a)(x)) = Laρ1(x)L−1a , ρ2(ρ1(x)(a)) = Lxρ2(a)L−1x ,
for every x ∈ Q1 and a ∈ Q2, see [AG03, Lemma 1.18].
The class of 2-reductive medial quandles is the class of quandles such that piQ ≤ λQ. Such quandles are
described by the following construction which can be found in [JPSZD15]: let {Ai ∣ i ∈ I} be a family of abelian
groups and let C = {ci,j ∈ Aj ∣ i, j ∈ I} such that ci,i = 0 and Ai = ⟨cj,i, j ∈ I⟩ for every i ∈ I (if I is finite we can
arrange the elements of C is a matrix). Then Q = (⋃i∈I Ai,∗) where a ∗ b = b + cj,i whenever a ∈ Aj and b ∈ Ai is
a 2-reductive medial quandle and all 2-reductive medial quandles arise in this way.
Proposition 6.3. Let Q be a non faithful subdirectly irreducible LSS quandle. Then piQ = λQ and Q is one of
the following medial 2-reductive quandles:
{Z1 ∪ Z2,[0 11 0]} , {Z2 ∪Z2,[0 11 0]} .
Proof. Let Q be a non-faithful non-connected LSS quandle. Since piQ is the unique congruence of Q then λQ = piQ
and so Q is a 2-reductive medial quandle. The components of Q are projection subquandles, so they have at
most 2 elements. If ∣Q1∣ = 1 and ∣Q2∣ = 2 then Q is as in (i). If ∣Q1∣ = ∣Q2∣ = 2 then Q is as in (ii). 
Lemma 6.4. Let Q = Q1∪Q2 be a finite non-connected LSS quandle. If there exists a ∈ Q2 such that ρ1(b)(a) = a,
for every b ∈ Q1, then Q2 = {a}.
Proof. If the action ρ1 fixes a, then Q1 ∪ {a} is a subquandle of Q which contains Q1 as a proper subquandle.
Then Q = Q1 ∪ {a}. 
Proposition 6.5. Let Q = Q1 ∪ Q2 be a faithful subdirectly irreducible LSS quandle. Then Q is one of the
following:
(i) Q1 is a connected strictly simple quandle and Q2 = {x} and x acts trivially on Q1.
(ii) Q1 = Aff(Zp,−1), Q2 = {1,−1} ≅ P2 and
(±1) ∗ a = a ± 1, a ∗ (±1) = ∓1
for every a ∈ Q1.
(iii) Q1 and Q2 are connected strictly simple quandles of the same size.
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Proof. If the components of Q are both projection quandles, then they have size 1 or 2 and so LMlt(Q) is abelian.
The center of LMlt(Q) of faithful quandles is trivial, therefore Q is not faithful. So we have the following cases:
(i) Let Q1 = R and Q2 = {x} where R is a connected strictly simple quandle. So Lx∣R = f ∈ Aut(R) and
a ∗ (x ∗ b) = Laf(b) = (a ∗ x) ∗ (a ∗ b) = x ∗ (a ∗ b) = fLa(b),
i.e. f centralizes La for every a ∈ R. Then f = 1.
(ii) Let Q = {x1, x2} ∪R where R = Aff(Znp , f) is a connected strictly simple quandle. So the image of ρ2 has
size 1 (R is simple and Aut(Q2) ≅ Z2). By virtue of Lemma 6.4, ρ2(a)(x1) = x2 and ρ2(a)(x2) = x1 for every
a ∈ Q2, and the action of Q1 on Q2 is not trivial. So we have:
LaL
−1
b (xi ∗ z) = LaL−1b (xi) ∗LaL−1b (z) = xi ∗LaL−1b (z).(12)
a ∗ (xi ∗ b) = (a ∗ xi) ∗ (a ∗ b) = xj ∗ (a ∗ b).(13)
According to (12), ρ1(x1) and ρ1(x2) commute with all the generators of Dis(R). Since Aut(R) ≅ Dis(R)⋊Zpn−1,
Dis(R) is a maximal abelian subgroup of Aut(Q) then ρ1(x1), ρ1(x2) ∈ Dis(R) i.e. ρ1(x1)(a) = a + λ and
ρ1(x2)(a) = a + σ for every a ∈ R. Equation (13) states that ρ1(x2) = Laρ1(x1)L−1a for all a ∈ R, therefore
σ = f(λ). Moreover
f
2(λ) = L20(x1 ∗ 0) = ρ2(0)2(x1) ∗ 0 = x1 ∗ 0 = λ.
Then f = −1, n = 1 and f(λ) = −λ = σ ≠ 0.Let {±1} ∪λ R the quandle described above with ±1 ∗ a = a ± λ and
a ∗ (±1) = ∓1 for every a ∈ R. The map:
φ ∶ {±1} ∪λ R Ð→ {±1} ∪1 R, ±1 ↦ ±1, a ↦ aλ−1
for every a ∈ R is an isomorphism.
(iii) Assume that both Q1 = R and Q2 = S are connected strictly simple quandles. So we have morphisms of
quandles ρ ∶ R → Aut(S) and σ ∶ S → Aut(R). Since both S and R are strictly simple the image of ρ and σ is
either a trivial quandle or they are injective. Assume that one of the two action is constant and given by f , then
a ∗ (x ∗ b) = Laf(b) = (a ∗ x) ∗ (a ∗ b) = fLa(b),
for every a, b ∈ R and x ∈ S. So f = 1 and then by Lemma 6.4 ∣R∣ = 1. So we can assume that both the mappings
σ and ρ are injective.
According to [Bon19, Proposition 3.5] the connected subquandles of Aut(R) have size equal to the size of R.
Therefore ∣S∣ = ∣R∣. 
Example 6.6. Let Q1 = Aff(Znp , f) and Q2 = Aff(Znp , g) be strictly simple quandles. The actions defined by
ρ1(y)(a) = (1 − f)(y) + f(a) and ρ2(b)(y) = (1 − g)(b) + g(y) for every x, y ∈ Q1 and every a, b ∈ Q2 satisfy (11).
Then for every pair of strictly simple quandles we can construct a quandle Q = Q1 ∪Q2 as in Proposition 6.5(iii).
7. Appendix
Matrices and representations. We collect some basic results about matrices of rank 2 and faithful represen-
tations.
Lemma 7.1. Let A ∈ GL2(p) with prime order q > 2 where q divides p2 − 1.
(i) A is diagonalizable if and only if q divides p − 1.
(ii) A has no eigenvalues if and only if q divides p + 1.
If q = 2 then A is diagonalizable.
Proof. We have that, either q divides p − 1 or q divides p + 1. Considering the action of A on subspaces of
dimension one of Z2p we have p + 1 = e + nq, where e is the number of eigenspaces of A. So e can not be 1, and
since q > 2, e = 0 if and only if q divides p + 1 and e = 2 if and only if q divides p − 1.
If the order of A is 2 then either A is diagonal or it has trace zero and determinand −1. So the eigenvectors of
A are 1 and −1 and A is diagonalizable. 
Recall that a Singer cycle is a maximal cyclic irreducible subgroup of GLn(p) and it has size pn − 1.
Lemma 7.2. [Sho92, Theorem 2.3.5] Let A ∈ GL2(p).
(i) If A is diagonalizable but not scalar then CGL2(p)(A) is the subgroups of diagonal matrices.
(ii) If A is irreducible then CGL2(p)(A) is a Singer cycle and the normalizer is isomorphic to CGL2(p)(A)⋊ρZ2
and the action ρ is by p-powering.
Lemma 7.3. [Sho92, Theorem 2.3.5] Let G be a group and ρ ∶ GÐ→ GL2(p) be a faithful representation.
(i) If the action ρg is irreducible for some g ∈ G then CG(g) is cyclic. In particular if G is abelian then it is
cyclic.
(ii) If G is not abelian then ρ is irreducible.
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The group Gp,q. Let us investigate the properties of the group which is relevant for the contents of Section 4.
Proposition 7.4. Let p, q be primes such that q > 2 divides p2 − 1. Then there exists a unique non-trivial
semidirect product Gp,q = Z
2
p ⋊ρ Zq with det(ρ(1)) = 1 and ∣ρ(1)∣ = q up to isomorphism. In particular Z(Gp,q) = 1
and γ1(Gp,q) = Z2p × {0}.
Proof. Let GA = Z
2
p ⋊ρ Zq such that ρ(1) = A, det(A) = 1 and the order of A is q (note that A is not a scalar
matrix, since it has determinant 1 and order q > 2). Let A,A′ be such matrices. Using Lemma 7.1 we have two
cases.
If q divides p−1, then A is diagonalizable with eigenvalues λ1, λ2 and A
′ is diagonalizable with eigenvalues λk1 , λ
k
2
for some k.
If q divides p + 1, A and A′ acts irreducibly, and by [Sho92, Theorem 2.3.3], they generate conjugate subgroups,
i.e. A′ and Ak are conjugate for some 1 ≤ k ≤ q − 1.
In both cases there exists Φ ∈ GL2(p) such that ΦA′ = AkΦ. The map
φ ∶ GA′ Ð→ GA,
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
a′ ↦ Φ(a)
b′ ↦ Φ(b)
c′ ↦ ck
is a group isomorphism.
The center of this group is Z(GA) = Fix(A)×ker(ρ) = Fix(A)×{0}, since the action is faithful. The subgroup
Fix(A) correspond to the eigenspace of A relative to 1, which is trivial (if A is diagonalizable and λ1 = 1, then
det(A) = λ2 = 1 and then A = I). Moreover γ1(GA) contains the image of 1 −A which has dimension 2, so the
derived subgroup coincide with the normal summand Z2p × {0}. 
We call Gp,q the unique group described in Proposition 7.4 which admits a presentation as follows:
(14) Gp,q ≅ ⟨a, b, c ∣ap = bp = cq = 1, cac−1 = aαbβ , cbc−1 = aγbα⟩.
where α,β, γ, δ ∈ Zp and
A = [α γ
β δ
] ∈ GL2(p).
Proposition 7.5. The automorphisms of Gp,q are given by
(15) h = {h∣γ1(Gp,q) =H ∈ GL2(p), c↦ c±1dh
for some dh ∈ ⟨a, b⟩ and HAH−1 = A±1. In particular,
∣Aut(Gp,q)∣ =
⎧⎪⎪⎨⎪⎪⎩
2p2(p − 1)2, if q divides p − 1
2p2(p − 1)(p + 1), if q divides p + 1. .
Proof. An automorphism of Gp,q is uniquely determined by its image on a, b, c and according to the presentation in
(14) any automorphism h ∈ Aut(Gp,q) is given by h∣γ1(Gp,q) =H ∈ GL2(p), and h(c) = cuhdh with uh ∈ {1, . . . , q−1}
and dh ∈ Z
2
p. On the other hand such a triple (H,uh, dh) defines an automorphism of Gp,q if and only if the
following two conditions hold:
HA = AuhH(16)
h(cq) = 1.(17)
We consider two cases according to Lemma 7.1. If q divides p − 1 then A is diagonalizable, and using a basis of
eigenvectors of A an easy matrix computation shows that if H satisfies (16), then either uh = 1 and H is diagonal
or uh = −1 and H has zero entries on the diagonal (A is not scalar). Therefore there exists 2(p−1)2 such matrices.
If q divides p+ 1, H satisfies (16) if and only if H belongs to the normalizer of A. In such case, the action of the
elements of the normalizer is by p-powering. Therefore, uh = ±1, since p = −1 mod q and the size of the normalizer
is 2(p − 1)(p + 1) (see Lemma 7.2(ii)). So h is defined as in (15). It is easy to check that:
h(c)q = (c±1dh)q = cq q−1∏
j=0
[A±j(dh)] = q−1∏
j=0
[Aj(dh)] .
Switching to additive notation, since (1 − A)∑q−1j=0 Aj = 1 − Aq = 0 and 1 − A ∈ GL2(p), then ∑q−1j=0 Aj = 0, i.e
h(cq) = 1. So every mapping defined as in (15) preserves the relations between the generators of Gp,q for all the
p2 choices of dh. 
Remark 7.6. Let f ∈ Aut(Gp,q) with uf = −1.
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(i) Normal subgroups of Gp,q contained in the derived subgroup are the eigenspaces of A. If the subgroup
Fix(f) is normal then it is trivial. Indeed FAF −1 = A−1 and if A(x) = kx for x ∈ Fix(f) and some
0 ≠ k ∈ Zp then
A
−1(x) = A−1F (x) = FA(x) = kx = A(x)
and so A2(x) = x. Then A(x) = x since the non-trivial orbits with respect to the action of A has size
q > 2. Then x ∈ Z(G) = 1.
(ii) If Tr(F ) = 0 and det(F ) = −1, the F has eigenvalues 1 and −1 with eigenvectors a and b. Let H =
Fix(f) = ⟨a⟩, the mapping
(18) ϕ ∶ G/H Ð→ G/H, gH ↦ gf(g)−1H
is bijective. Assume that gH = cnbmH and hH = clbsH and ϕ(gH) = ϕ(hH). Then n = l since
Fix(fγ1(G)) = 1 and so proceeding by equivalences we have
b
m
f(b−mc−n)H = bsf(b−sc−n)H
b
2m(c−1d)−nH = b2s(c−1d)−nH
(c−1d)nb2(m−s)(c−1d)−n ∈ H.
Switching to additive notation and setting z = 2(m − s)b we have that An(z) = ka for some k ∈ N. Using
that FA = A−1F we get
FA
n(z) = F (ka) = ka = A−nF (z) = A−n(−z),
and therefore A2n(ka) = An(−z) = −ka. If k ≠ 0 then Fix(f) is an eigenspace of A, so according to (i)
k = 0 and then s =m.
The group Gk. The group Q8 has the following presentation
⟨x, y, z ∣x2 = y2 = [x, y] = z, z2 = [z, y] = [z,x] = 1⟩.
In this section we investigate the group Gk = Z
2
p ⋊ρ Q8, where p = 1 (mod 3) and k ∈ Zp such that k3 = 1. The
action ρ is the irreducible action of Q8 defined by setting
ρx = [0 −11 0 ] , ρy = [k
2 k
k −k2
] , ρz = [−1 00 −1] .
According to [Pet00] ρ is the unique irreducible action of Q8 of degree 2, and moreover it is a fixed-point-free
action, i.e. Fix(ρh) = {v ∈ Z2p ∣ ρh(v) = v} = 0 for every h ∈ Q8. Equivalently 1 − ρh ∈ GL2(p) for every h ∈ Q8.
In particular γ2(Gk) = Z2p × {1} and γ1(G) = Z2p ⋊Z(Q8).
Proposition 7.7. The automorphisms of Gk are given by the mappings
(19) f = {x↦ hv1, y ↦ gv2, z ↦ zw, F = f ∣γ2(Gk) ∈ GL2(p)
where g,h ∈ Q8 and v1, v2,w ∈ Z
2
p such that
⎧⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩
fγ2(Gk) = {x↦ h y ↦ g, z ↦ z, is an automorphism of Q8
Fρx = ρhF,
Fρy = ρgF,
v1 = 2
−1(1 + ρh)(w),
v2 = 2
−1(1 + ρg)(w)
In particular ∣Aut(Gk)∣ = 24(p − 1)p2.
Proof. If f ∈ Aut(Gk) then fγ2(Gk) ∈ Aut(Q8) and then h, g do not commute. On the other hand assume that
fγ2(Gk) is an automorphism of Q8, then the mapping f as in (19) is an automorphism of Gk if and only if it
respects the relation between the generators of Gk. Hence for every v ∈ Z
2
p we have
(20)
⎧⎪⎪⎨⎪⎪⎩
f(xvx−1) = Fρx(v) = f(x)f(v)f(x)−1 = ρhF (v)
f(yvy−1) = Fρy(v) = f(y)f(v)f(y)−1 = ρgF (v) .
Moreover the mapping f has to satisfy
(21)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
f(x)2 = hv1hv1 = h2ρ−1h (v1)v1 = zw = f(z)
f(y)2 = gv2gv2 = g2ρ−1g (v2)v2 = zw = f(z)
[f(x), f(y)] = v−11 h−1v−12 g−1hv1gv2 = f(z) = zw.
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After a straightforward manipulation and using that ρh is fixed-point-free and that (1 − ρh)−1 = 2−1(1 + ρh) for
every non central element h ∈ Q8 we have that (21) is equivalent to
(22)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
v1 = 2
−1(1 + ρh)(w)
v2 = 2
−1(1 + ρg)(w)
w = 2−1 ((1 − ρh)(1 + ρg) + (1 − ρg)(1 + ρh)) (w).
Using that ρgρh + ρhρg = 0 we have that the last condition is trivially satisfied by any w ∈ Z
2
p. The elements v1
and v2 are uniquely determined by w.
The mapping
(23) Aut(Gk)Ð→ Aut(Q8), f ↦ fγ2(Gk)
is a surjective group homomorphism. Indeed setting w = v1 = v2 = 0 (20) has a solution for every fγ2(Gk) ∈
Aut(Q8). The kernel of the homomorphism (23) has size (p − 1)p2, since (20) is satisfied just by diagonal
matrices and v1, v2 are uniquely determined by the choice of w. Therefore ∣Aut(Gk)∣ = ∣Aut(Q8)∣(p − 1)p2. 
In the following Lemma we account the number of the relevant automorphisms of Gk as addressed in Theorem
5.7. Note that the if f ∈ Aut(Gk) has order 3 and the induced automorphism fγ1(Gk) ≠ 1 then it has also order
3 and therefore it acts irreducibly on Gk/γ1(Gk).
Lemma 7.8. The subset of Aut(Gk)
F = {f ∈ Aut(Gk) ∣ ∣f ∣ = 3, fγ1(Gk) ≠ 1, ∣Fix(f)∣ = 2p}
has size 16p.
Proof. If f ∈ F then the order of fγ1(Gk) is 3 and so it is one of the two following matrices:
A = [0 1
1 1
] , B = [1 1
1 0
] .
Let fγ1(Gk) = A, then the image of f of the generators of Gk is
f = {x↦ yzsv1, y ↦ xyzlv2, z ↦ zw, f ∣γ1(Gk) = F
for s, l = 0,1 and v1, v2,w ∈ γ2(Gk). The order of F is 3 and so its eigenvalues are 1 and λ and the order of λ is
3. So λ = kt where t = 1,2 and det(F ) = Tr(F )− 1 = λ. The matrix F has to satisfy the following conditions
(24) Fρx = (−1)sρyF, Fρy = (−1)lρxρyF.
A case-by-case discussion on the values of s and l shows that for each choice of s, l there exists just one solution
to (24). Moreover, since Fix(f) ≤ γ1(Gk) (fγ1(Gk) acts irreducibly) there exists v ∈ γ2(Gk) such that f(zv) = zv.
Then f(zv) = zwf(v) = zv holds if and only if w = (1−F )(v). Hence there exists p choices for w, since the image
of 1 − F has dimension 1. So there exists 8p such automorphisms.
Note that f ∈ F if and only if f2 ∈ F and moreover fγ1(Gk) = A if and only if f
2
γ1(Gk)
= B. Therefore there are 8p
automorphisms in F such that the induced automorphism over Gk/γ1(Gk) is B. Hence the size of F is 16p. 
Lemma 7.9. Let f(λ) ∈ Aut(Gk) given by
f(λ) = ⎧⎪⎪⎨⎪⎪⎩x↦ y, y ↦ xy, z ↦ z, F (λ) = f(λ)∣γ2(Gk) =
⎡⎢⎢⎢⎢⎣
−k(1 + λ) −(1 + λ)
0 −k2(1 + λ)
⎤⎥⎥⎥⎥⎦
where λ = k, k2. Then ∣CAut(Gk)(f(λ))∣ = 3p(p − 1).
Proof. If h ∈ CAut(Gk)(f(λ)) then hγ2(Gk) centralizes f(λ)γ2(Gk) and therefore hγ2(Gk) is a power of f(λ)γ2(Gk).
Hence
h = {x↦ tv1, y ↦ gv2, z ↦ zw, H = h∣γ2(Gk) ∈ GL2(p)
and (t, g) is (x, y) or (y,xy) or (xy,x).
If (t, g) = (x, y) then
(25)
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
hf(λ)(x) = h(y) = yv2 = f(λ)h(x) = yFλ(v1)
hf(λ)(y) = h(xy) = xv1yv2 = f(λ)h(y) = xyFλ(v2)
hf(λ)(z) = h(z) = zw = f(λ)h(z) = zF (λ)(w)
⇔
⎧⎪⎪⎪⎪⎨⎪⎪⎪⎪⎩
v2 = F (λ)(v1)
(1 − F (λ))(v2) − ρy(v1) = 0
w = F (λ)(w)
Moreover F is a diagonal matrix and therefore it centralizes F (λ). Using that v1 = (1−ρx)−1(w) = 2−1(1+ρx)(w)
we have that every choice of w ∈ Fix(F (λ)) provides a solution to (25) and so it defines an element of the
centralizer of f(λ). Hence there are p(p − 1) such automorphisms.
Similarly it can be proved that there exists p(p−1) automorphisms in the centralizer of f(λ) for the other choices
of t and g. Hence the size of the centralizer is 3p(p − 1). 
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